Abstract. We give a lower bound on the expected degree of the free minimal spanning forest of a vertex transitive graph in terms of its spectral radius. This result answers a question of Lyons-Peres-Schramm and simplifies the Gaboriau-Lyons proof of the measurable-group-theoretic solution to von Neumann's problem.
Free minimal spanning forests
Let G = (V, E ♯ ) be a connected graph. We view E ♯ as a set of oriented edges with the requirement, that for each oriented edge in E ♯ , the opposite edge is also contained in E ♯ . For each oriented edge e, we denote byê the opposite edge, by e the tail and by e the head of e. We require e =ê for all e ∈ E ♯ . Thus, an edge is naturally identified with a unordered pair of oriented edges {e,ê}. The set of edges is denoted by E. We say that G is vertex-transitive if for any two vertices x, y ∈ V , there exists an automorphism ϕ of G, such that ϕ(x) = y. From now on, we will only consider vertex-transitive graphs. Let d be the degree of a vertex in G.
A path of length n between vertices x, y ∈ V is a sequence of oriented edges (e 1 , . . . , e n ) such that e i = e i+1 for all 1 ≤ i ≤ n, e 1 = x and e n = y. A path is called a cycle rooted at x ∈ V if x = y. A cycle is called simple if no vertex is visited twice and it is not of the form (e,ê). We denote the number of cycles rooted at x of length n by c(n). The spectral radius of G is defined to be
and it equals the operator norm of the random walk operator on ℓ 2 (V ), see [16, Lemma 10.1] . For x, y ∈ V , we denote by c(n, x, y) the number of paths of length n from x to y. A basic consequence of the description of the operator norm of the random walk operator is the estimate (1) c(n, x, y) ≤ (λd) n . graphs has a long history. The systematic study of FMSF on unimodular vertextransitive graphs was initiated by Lyons-Peres-Schramm [8] , and we refer to this paper also for further references. The virtue of the construction from above is that the resulting probability measure on {0, 1} E is invariant under all automorphisms of the graph G. In particular, since we assume G to be vertex-transitive, what happens at a single vertex happens everywhere. Let x ∈ V be some fixed vertex and let δ FMSF (G) be the expected degree of the vertex x with respect to FMSF. The number δ FMSF (G) (which is clearly independent of x) is called the expected degree of the free minimal spanning forest. 
Proof. The second inequality is clear. Let us enumerate the edges at the vertex x by s 1 , . . . , s d . For 1 ≤ i ≤ d, the probability that s i survives is zero if s i is a loop. Let us assume that s i is not a loop and that its label is ρ. Then, the probability that it is cut because of a simple cycle of length n rooted at x and starting with s i is ρ n−1 . Moreover, by (1) there are at most (λd) n−1 such cycles.
Hence, the probability that s i survives is bounded from below as follows:
.
Since this argument works for all edges adjacent to the vertex x which are not loops, and the number of loops is bounded from above by λd, we obtain
Here, we denoted by
cates if s i survived the cutting procedure or not. This proves the claim.
Let Γ be a finitely generated group and S a finite multi-set with S = S −1 which generates Γ. More formally, a multi-set is a map α : S → Γ and S −1 = S means that there is an involution ι : S → S, such that α(ι(s)) = α(s) −1 . We will omit α and ι in the notation and just write s −1 for the inverse.
Let Cay(Γ, S) be the associated Cayley graph, i.e. the vertex set is Γ and for every g ∈ Γ and s ∈ S, we have an oriented edge (g, s, sg). The opposite edge is given by (sg, s −1 , g). We denote by δ FMSF (Γ, S) the expected degree of the free minimal spanning forest of the Cayley graph Cay(Γ, S).
Corollary 2. Let Γ be a finitely generated non-amenable group. The expected degree of the free minimal spanning forest depends on the generating multi-set.
Moreover, for every n ∈ N, there exists a finite multi-set S which generates the group Γ, such that δ FMSF (Γ, S) ≥ n.
Proof. Since Γ is non-amenable, λ < 1 for any finite generating set S by Kesten's theorem, see [7] . Replacing S by the multi-set S
[k] of words of length k in S, then we get a spectral radius λ k and thus from Theorem 1:
) cannot be independent of k and is unbounded as k tends to infinity.
The previous corollary answers Question 6.13 in [8] , where it was asked whether the expected degree of FMSF depends on the choice of a generating set or not.
Russ Lyons informed us that as a solution to [9, Exercise 11.16] , it was known that dependence on the generating set holds for some specific non-amenable groups. As a consequence of Corollary 2, we can now conclude that WMSF(Γ, S) = FMSF(Γ, S)
for any non-amenable group and some suitable multi-set of generators S, see [8] Let us also mention, that it was proved by Timar in [15] , that if WMSF(Γ, S) = FMSF(Γ, S), then almost surely every tree in FMSF has infinitely many ends.
Relative minimal spanning forests
Let Γ be a non-torsion group and let a ∈ Γ be a non-torsion element. Let S ⊂ Γ be a finite generating set with S −1 = S and consider the Cayley graph G := Cay(Γ, S). We set d := |S|. We will assume that a ∈ S. If this is the case, then for any g ∈ Γ the set L := {a n g | n ∈ Z} ⊂ Γ is a bi-infinite line in G. We denote by L(a) the subgraph of G formed by the union of all such bi-infinite lines. Note that Γ acts by automorphisms on G = (Γ, E). An element of x ∈ {0, 1} E is identified with a subgraph G(x) ⊆ G. A random spanning sub-forest of G is a probability measure σ on {0, 1} E , whose support is contained in the set of spanning forests. We call such a random subforest invariant, if the probability measure is invariant with respect to the natural Γ action on E. An invariant random subforest We will not recall the definition of cost of a p.m.p. essentially free action here and instead refer to Gaboriau's foundational work [4] and the book [6] , where everything is explained in detail. The cost of the action Γ (X, λ) is denoted by cost(Γ X). The following theorem deals with a relative version of the free minimal spanning forest, paying at the same time more attention to a control of the expected degree k . We see from this, that the probability of existence of an infinite such chain is zero. Thus -for almost every labelling of G -we can assign to each n-cycle the length of the longest such chain, and call it the depth of this n-cycle (with respect to the given labelling of G).
In this way, we have for almost every labelling x ∈ [0, 1] E , found a map
which maps an n-cycle of depth k (with respect to the labelling x ∈ [0, 1] E ) to the pair (n, k) ∈ N × N. We call this map a colouring of the cycles associated with x ∈ [0, 1] E . Note that this colouring is equivariant in the sense that ϕ xg (c) = ϕ x (cg −1 ), for almost all x ∈ [0, 1] E and all c ∈ ⊔ n≥1 C n .
Thus, we have used the first element in our stack [0, 1] N to set up an Γ-equivariant colouring of the set of cycles. We now will use the other elements in the stack to set up an infinite recursive Γ-equivariant cutting procedure which will have the property, that it does not disconnect the graph G. Let's pick a standard enumeration α : N × N ∼ = N and set ψ x := α • ϕ x . We start by cutting all cycles in ψ −1
x (0) in a way yet to be described. Note that the set ψ x (0), we cut the edge with the maximal label (this is the second in our stack [0, 1] N ) not in L(a). Clearly, this does not disconnect G.
We now proceed in a similar way (using the next element in the stack) with the cycles in ψ −1
x (1) -again, this is a set of disjoint cycles -which still exist after the cutting that has been done already, etc.
In each step, the graph remains connected, and hence the expected degree cannot be less than 2 · cost(Γ [0, 1] E ). Moreover, the resulting graphs will always contain L(a). Taking limits, we see that all cycles of G have been cut and we obtain a random sub-forest of G containing L(a), whose expected degree is at least
to the result of the cutting process. This finishes the proof. We now change the perspective slightly and consider more general invariant random spanning forests. They are no longer bound to be sub-forests of G. Thus, we study more generally probability measures on {0, 1} Γ×Γ , invariant under the diagonal right Γ-action on Γ × Γ, see [3] for more details. The expected degree deg(σ) of an invariant random spanning forest σ defined in a similar way as before.
The width of an invariant random spanning forest σ ist defined to be the number of vertices g ∈ Γ, so that the probability that an edge between vertices e and g exists is positive. We denote this number by width(σ).
Let us now assume that there is some invariant random sub-forest τ of G, such that deg(τ ) > 2 and L(a) is a.s. contained in the sub-forest. Let b ∈ S \ {a, a −1 }, such that τ ({x ∈ {0, 1} E | (b, e) ∈ G(x)}) > 0 and set
For each n ∈ N, we now define a Borel map Θ n : {0, 1} E → {0, 1} Γ×Γ which sends a subgraph G(x) ⊆ G to the graph formed by all edges (a i ba −i g, g) for 1 ≤ i ≤ n, whenever a i ba −i g and g lie in the same connected component of G(x). It is clear that Θ n is Γ-equivariant. We define τ n to be the push-forward of τ with respect to Θ n , i.e. τ n := (Θ n ) * (τ ).
Lemma 5. For each n ∈ N, the measure τ n is an invariant random spanning forest. Moreover, we have width(τ n ) = 2n and deg(τ n ) = 2n · τ (X).
Proof. Consider the free group on letters {a, b}. It is a well-known fact that the elements {a i ba −i | 1 ≤ i ≤ n} are the basis of a free group of rank n. It is clear that the width of τ n is equal to 2n, whereas the expected degree is equal to 2n · τ (X).
We can now obtain a corollary which covers a particular case of the famous Dixmier problem on unitarizability, see the book of Pisier [14] for a detailed discussion of this problem and further references. Our approach relies on results of Epstein-Monod [3] , whose pioneering work related invariant random forests to this problem. Let us explain this in a bit more detail. Recall, a representation π : Γ →
B(H)
× on a Hilbert space is called uniformly bounded if sup g∈Γ π(g) < ∞. [5] , there was some hope that Dixmier's longstanding problem could be resolved, using suitable invariant spanning forests that play the role of free subgroups, see [3, 10] . We are now building on the work of EpsteinMonod [3] and construct a specific sequence of invariant random forests showing that certain groups are not unitarizable.
Corollary 6. Let Γ be a finitely generated non-torsion group which does not have fixed price one. Then, the group Γ is not unitarizable.
Proof. Let a ∈ Γ be a non-torsion element and let S ⊂ Γ be a finite generating set with a ∈ S. Consider the Cayley graph G associated with S as above. By and L(a) contained in it almost surely. Thus, we can follow the construction of (τ n ) n as above. In particular, we conclude from Lemma 5 that
width(τ n ) = 2n · τ (X) 2 → ∞, as n → ∞. Now, the desired result is an immediate consequence of (2) and [3, Theorem 1.3] from the work of Epstein-Monod.
Remark 7. The preceding result can also be proved along the same lines under the assumption that Γ is finitely generated, does not have fixed price one, and that there is no bound on the order of finite subgroups of Γ or that Γ contains an infinite amenable subgroup. This covers various finitely generated simple torsion groups with positive first ℓ 2 -Betti number, see [11] for examples.
